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Brans-Dicke Theory




I Brans-Dicke Theory

Action of Brans-Dicke theory in the Jordan frame:

1
d4fc\/ @R+ Q“VVWVV@ + stm
16’/TG

Gepr(p) = /

When @ — o , General Relativity is recovered.




(1)

Covariant and gauge-invariant
approach

Geometrical method




IHistoricaI Development

Metric approach:

(1) Lifshitz(1945,1963)----- synchronous gauge:

Gauge problem

(2) Bardeen(1980)----- gauge-invariant variables



IHistoricaI Development

Geometrical approach:
Hawking(1966)

Using

(1) 143 split of the Bianchi and Ricci identities

(2) kinematic quantities

(3) energy-momentum tensors of the fluid(s)

(4) gravito-electromagnetic parts of the Weyl tensor



IHistoricaI Development

Geometrical approach:

Advantage:

(1) clear physical meaning of every quantity
(2) unified treatment of scalar, vector and tensor modes

(3) exact equations



|Spacetime Splitting

Introduce timelike 4-velocity field

Uq

Spatial projection tensor:

hab — Jab — UgUp



Timelike and Spacelike Derivative

Covariant time derivative:

1 = uVaTye

Spatial covariant derivative:

DaTbmcd...e = hahb

ol - hehl ... RUNPTT 5% .



IDensity Perturbation Variable

Density perturbation variable in metric method:

)
5 = 2P
o

Fractional projected gradient of the density field:

where D, = h'V,



I Kinematics

Vaup = @Wap + Oap + %Qhab + ugAp

4
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wWep = D [bUq]



I Kinematics

Vaup = @Wap + Oap + 6’h/ab + ugAp
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I Kinematics

Vaup = @Wap + Oap + 6’h/ab + ugAp
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I Kinematics

Vaup = @Wap + Oap + 6’h/ab + ugAp
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wWab = Dy Tab = D (qup 0 =Veu, = D, = 3H




ISpacetime Curvature

T he spacetime decomposition of the Riemann tensor:

1
Rabed = Cabed + 5 (gacRpd + gpaRac — goeRad — GadRoc)

1
g R (9acGvd — 9ad9be)



ISpacetime Curvature

T he spacetime decomposition of the Riemann tensor:

1
Rabed = Cabed + 5 (gacRpd + gpaRac — goeRad — GadRoc)
1
H _6 R (gacgbd — ga,dgbc)

Cabed = (gabqucdsr — nabqpncdsr) ulu’® EP"
- (nabqucdsr + gabqpncdsfr) ulu® BP"

where Gabed — Yacdbd — YGadbe



I Kinematical Evolution

Ricci identities 2V 1o Vijte = Rapeats”




I Kinematical Evolution

Ricci identities 2V 1o Vijte = Rapeats”

1T

Vaup = @ap + Oap + %Qhab + wa Ap




I Kinematical Evolution

Ricci identities 2V 1o Vijte = Rapeats”

T

1
Rabed = Caped + 5 (gacRbd + gvaRac — gvoeRad — GadRoc)
1
H —R (gacgbd — gadgbc)

6

Cabed = (gabqucdsr — nabqp’f]cdsr) uwlu® EP"
+ (nabqucdsr + gabqpncdsfr‘) uwiu’® BP"




I Kinematical Evolution

Raychaudhuri equation:

0 + %92 — D% + i(/o+3P) +

=2
1(2&)% - GV(p)
©

+ 1p,poy +9£+3f)=0
@ v e @

Vorticity propagation equation:

, 2
Wab — D[aub] + §9wab =0

Shear propagation equation:

K Tab :
O-<a,b> + Qo-ab — D<aub> + Eqp + 5? + _90D<bDa>(P + _;Uab =0



I Kinematical Evolution

QV [va] Ue — Rabcdud

Shear constraint:
b b = K p 1 Q.
D wab —I_ .D Oab — _Da9 - _qa —_ w_2Da(P - _(DGC'O) — —Uqg — O
3 @ @ P @
Vorticity divergence identity:
Dc(gabcwab) =0

B., equation:

Bap + (Dcwd(a + chd(a)nb)cgue =0



I Conservation Laws

Bianchi identities of the Riemann tensor:
v[eRr::d]ab =0

ugs

VT, =0
Energy density conservation:

p+60(p+ P)+ Dug” =0
Momentum conservation:

. 4 .
Qa+§99a+ (P+P)Ua+Db7Tab—Dap: 0

For perfect fluid:
p+0(p+P)=0

(p+ P)tg — Dgp =0



I Gravitational Waves

1
VCapea = VpRape + E 9ep Va R

E, equation:

. K .
Ea,b + QEab + Dch(anb)(gue + @[3(19 + P)O-ab + 3D<aQb> — 37Tab — 6)'ﬂ-ab]
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B, equation:
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I Gravitational Waves

1
V4Cabea = VpRy)e + E 9ep Va2

div-E equation:

2K Da K
DYE,; — —(2Dap + 20q, + 3D°1y) + 5 LA _%qa L=

6¢ 90 2¢

_GDV(p) w  1i¢ .4 o] —
6 » (3+2)@2[39Da90+(Da90) +up] =0

div-B equation:
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(III)

CMB and LSS of
Brans-Dicke Theory




Codes For CMB anisotropies of
Brans-Dicke theory

CMBFAST CAMB
Synchronous gauge Covariant approach
by Xue-Lei Chen et al. by Feng-Quan Wu et al.
PRD60,104036 (1999) (2008)

Modified parts:
(1) Background evolution

(2) Boltzmann-Einstein equations group
(3) Line-of-sight method
COSMOMC




IEvqution of Brans-Dicke field
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IEvqution of density perturbations
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(IV)

Cosmological Constraints
on Brans-Dicke T heory




IConstraint from ODbservations

(1) Solar system experiment: Cassini spacecraft

PPN parameters 7= 14+ w)/(2+4+ w)

w >4 x 10%
G

Ge (QO)Z_
If ©

(2) Cosmological observation:

2003 Nagata Zz w > 1000

WMAP1 —CMBFAST 20

2004 Acquaviva MCMC w > 120




I Fitting of parameters

Data: WMAPS5 +acbar2007+4+CBI pol+4B03
SDSS LRG DR4

Parameterization of ¢ for fitting:

1
(1) §=— 26 confidence level:  w > 104

(2) ¢ =1In 1 2c confidence level: w> 116
w



I Marginalized Probability Distribution
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Marginalized Probability Distribution

0.84

0.82

0.8

0.78

0.76

a 0.74

0.72

72

0.68

0.66

0.64




‘ (V)
Summary




Summary

(1) A full set of covariant and gauge-invariant
perturbation theory for Brans-Dicke theory.

(2) Numerical codes for CMB anisotropy of
Brans-Dicke theory

(3) Global fitting for parameters of Brans-Dicke
theory.

(4) --- scalar tensor theory --- f(R) theory -



| Thank you!




| AppendiXx




I Brans-Dicke Theory

Action for the Brans-Dicke theory in the Jordan frame:

1
S = /d433\/ —pR + gWV,_Lt,OVytp + s(m)
167G 2
Generalized Einstein equations:
1 K w i
Rep — =Rgap = _T(:;n) -+ _(VM(PVU(P - —QWVACPVASO)
2 © o 2
GV (p)
~+Gab 2((’0 + (V Ve — guAp)
2 2
Equation of motion for @
8nG
Vava’(p p— n T(m)
2w+ 3

When @ — o , General Relativity is recovered.




I Gravitational Waves

v[eRcd]ab =0

uge

1
Vdcabcd = V[bRa]c + g gC[bVa]R

ﬂ

Cabed = (gabqucdsr — nabqpncdsr) ulu’® EP"
— (nabqucdsr + gabqp'f?cdsrr) uwlu® HP"




I Matter Fields

Decomposition of the stress-energy tensor:

Top = puaup + 2u(aQb) Phab + Tab

v

P = =1 bu u Qo = hbTbcu = _habTab/?) TTab — T<ab>



ISpatiaI Curvature

3-Riemann tensor:

[Daa Db]uc — (3)Rabdcud

Spatial derivative of the projected Ricci scalar:

S
=_-D,®R
=75

For Brans-Dicke theory:

X  pVa ' O3H,,,
na = kot — kP ——(2H+—)Z 05 = 2D - 1)
p 90 - w2
—|—(w—|—3) fmz + = (w—2—37'( YW, + 5G9V () Doy
ve 2 dy ¢

1
—GV("O)VQ - i"p—va — ZD,D, V" — —HQK
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IThe Perturbation Variables

Density perturbation variable:

()

a
Comoving fractional projected gradient of the density

field:
S

Ao = ;Daﬁ where D, = h'V,

Comoving spatial gradient of the expansion rate:

Zo=SD,0

Spatial derivative of the Brans-Dicke field:
YV =SD,p



I Harmonic Expansion

Generalized Helmholtz equation

SQDaDaQ(k) — kQQ(k‘)

S
k k
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For scalar
perturbation:

DX = 0(2)
By = 0(2)

Wab — 0(2)




ICodes For Brans-Dicke theory

(1) Backgroud evolution

| 2w+t 4
Pq 900—2w_|_3
p; =0 Vi=V, =0 Vi = SDqp

(2) Perturbation equation for v, = SD,¢

V! + 2HV! + SZyp' + S?D,D"V), =

KS? )2y () 3 ()
3_|_2 2(1_363 )szz
w ;




IEvqution of Brans-Dicke field
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Evolution of efficient Newtonian gravitational
coupli

ing
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I Fitting of parameters

Data:{ WMAPS5 +Hacbar20074CBI pol4+BO03
SDSS LRG DR4

Parameterization of ¢ for fitting:

2
(1) &= —5 2c confidence level: w> 104
w
£ €[-0.35,1]

w € [—oo,—T71] N [25, o0]

25
(2) ¢=In"— 20 confidence level:  “~ 116

€€ [—-4.79,0]

w € [25,3000]



